The aim of this work is to highlight the significance of Fluid-Thermal-Structural Interaction (FTSI) as a diagnosis of existing designs, and as a means of preliminary investigation to ensure the feasibility of new designs before conducting experimental and field tests. The novelty of this work lies in the multi-physics simulations, which are, for the first time, performed on rectangular nozzles. An existing experimental supersonic rectangular converging/diverging nozzle geometry is considered for multi-physics 3D simulations. A design that has been improved by eliminating the sharp throat is further investigated to evaluate its structural integrity at design Nozzle Pressure Ratio (NPR 3.67) and off-design (NPR 4.5) conditions. Static structural analysis is performed by unidirectional coupling of pressure loads from steady 3D Computational Fluid Dynamics (CFD) and thermal loads from steady thermal conduction simulations, such that the simulations represent the experimental set up. Structural deformation in the existing design is far less than the boundary layer thickness, because the impact of Shock wave Boundary Layer Interaction (SBLI) is not as severe. FTSI demonstrates that the discharge coefficient of the improved design is 0.99, and its structural integrity remains intact at off-design conditions. This proves the feasibility of the improved design. Although FTSI influence is shown for a nozzle, the approach can be applied to any product design cycle, or as a prelude to building prototypes.
Introduction
Rectangular supersonic nozzles have been a topic of interest for many researchers [1] [2] [3] [4] [5] [6] as they produce less noise compared to their circular counterparts and are easier to design and manufacture. Noise characteristics and flow structures in rectangular nozzles have been investigated experimentally and numerically using Reynolds Averaged Navier-Stokes (RANS) or Large Eddy Simulations (LES) to study the noise generation due to shock formation, turbulent mixing and screech tones [1] [2] [3] . A double-diamond shock pattern is present in rectangular nozzles with conical sections [3] , because of the sharp throats present at over, ideally and under-expanded conditions. Throat shock strength causes wave drag and side loads due to shock reflections and affects structural integrity, which in turn affects the overall performance of a nozzle. This needs to be addressed further to evaluate the stresses and strains induced in the nozzle. Although finite element analysis was performed by Frate et al. [7] during the design phase of rectangular nozzles, the coupled effect of multi-physics modeling has not been previously addressed. In supersonic flow, the influence of Shock wave Boundary Layer Interaction (SBLI) on the structure is crucial and must be accounted for, as shown by Riley et al. [8] . Hence, Fluid-Thermal-Structural Interaction (FTSI) modeling provides an insight into the coupled effects of flow physics and structural integrity, at high operating pressures and temperatures. Considering these factors, multi-physics simulations are performed. Two nozzle designs are considered- (1) an existing, experimentally-tested design, which has in-nozzle shocks due to the sharp throat and (2) an improved design with smoothly-contoured nozzle walls, which has a greater discharge coefficient due to less blockage by the boundary layer as demonstrated earlier by the authors [9] . This design is further investigated under off-design conditions to simulate the maximum operating pressure ratio. If the design can withstand these loads, then it is safe at lower operating points.
Experiments have been conducted at University of Cincinnati's Hot Jet Nozzle Rig (HJNR) by Baier et al. and Heeb et al. [1, 4] . Figure 1 shows the existing Aspect Ratio (AR) 2 rectangular nozzle geometry [2] which exhausts vertically upwards during experimental testing. 
Methodology

Governing Equations & Computational Methodology
3D steady RANS equations [10] are solved for compressible flow of air, modeled as an ideal gas. The k-omega SST turbulence model [11] is used for CFD simulations. Equations (1)-(4) represent the governing equations for conservation of mass, momentum and energy, where e is the internal energy per unit mass, P is the pressure, ρ is the density and u, v, w are the x, y, z velocity component vectors. The viscous stress tensors, σ ij and τ ij , are defined in Equation (6) . A density-based solver is used, and a second order upwind scheme is used for spatial discretization. Roe-FDS is used for convective fluxes. Fourier's steady heat conduction Equation (7) is solved to account for the heat transfer.
Equations (8)- (10) represent the equation of motion, strain-displacement relationship and constitutive equation (Hooke's law) [12] , where x i , i = 1, 2, 3 are the components of the position vector x, t is the time, σ s ij is the Cauchy stress tensor, f i are the body forces, ρ s is the mass density, u i is the displacement vector, ij is the strain, th is the thermal part of the strain tensor and C ijkl is the elasticity tensor.
∂ρ ∂t 
Since this work is a preliminary investigation of FTSI effects on the structural integrity and boundary layer flow, all simulations represent steady-state operation. Twenty Intel Xeon (2.6 Gigahertz) processor cores are used for each simulation, which took about 15-20 h to converge to 1 × 10 −4 order of residual of the continuity equation, depending on the CFD mesh size of approximately 4 million cells.
Grid Resolution Study
A grid resolution study is conducted on the existing nozzle geometry at NPR 3.67. This is done by keeping the total thickness of prism layers the same for every grid, and by varying the refinement cell size for each grid level. The details of the grids and mass-averaged quantities at the throat and exit are presented in Table 1 . Figure 2 shows the comparison of velocity magnitudes along the jet centerline for coarse, medium and fine grid levels, with the experimental data from Baier et al. [1] . The velocity magnitudes and mass-averaged quantities do not change significantly with each grid refinement. Hence, a coarse grid level is used for all simulations to save computational time. Note that the experimental measurements start from x/D e ≈ 0.82 and not at the nozzle exit i.e., x/D e = 0. The error in the experimental measurements is ±1%. Figure 2 shows that the error between experimental data and simulated data is within 5% until 10 D e , which is calculated using the following equation:
The literature by Georgiadis et al. [13] , Truemner et al. [14] highlights that capturing initial jet growth region is still a difficulty for RANS modeling because the calculated jet mixing rates are generally lower than those exhibited by the experimental data, turbulence intensities are underestimated, and potential core lengths are overestimated by RANS for free jets. The turbulence model study ( Figure 3) shows that k-epsilon and Spallart-Allmaras (SA) predict the shock cell amplitude better than k-omega SST, until a few diameters downstream of the nozzle exit. However, they do not capture the velocity decay accurately further downstream. Hence, k-omega SST is chosen for this study as it gives a good approximation of the overall trend in velocity decay. Previous literature on turbulence models and corrections [15] talks about the effects of compressibility on the dissipation rate of turbulent kinetic energy. Turbulence model and compressibility correction play a key role in capturing the shock cell amplitude. It appears that the error in validation is likely due to the underestimated dissipation rate of turbulent kinetic energy in the current RANS model. 
Turbulence Model Study
A turbulence model study is conducted on the existing nozzle geometry, to ensure appropriate turbulence model selection. Three turbulence models [16] , namely Spallart-Allmaras (SA), k-epsilon and Menter's k-omega SST are used. Figure 3 shows a comparison of three turbulence models with the experimental data. k-omega SST predicts the velocity magnitudes more accurately, whereas the other turbulence models show large deviation in velocity magnitudes from 10 D e to 20 D e . k-omega SST is known for its better performance under adverse pressure gradients in boundary layers [11] , hence it is used for all simulations.
Improved Nozzle Design
Wall curve for the improved design (shown in green) is generated using an in-house, Python-based design tool called Gencurve, developed by Bhide et al. [9] . This is a general-purpose curve generator for nozzles, inlets, ducts, etc. which uses cubic or higher order polynomials for generating curves. The tool outputs two curves for converging and diverging sections by matching their slope at the throat. The curves are then imported to a CAD package. Gencurve demonstrates the slope matching technique for generating curves as opposed to the super-ellipse method used by Dippold et al. [6] . Parametric B-spline based curve generation is another option in progress to obtain smoother wall curves as shown by Siddappaji et al. [17] . Figure 4 shows wall coordinates of the existing and improved design. Slope matching reduces throat shocks. This decreases the blockage caused by the boundary layer, hence the discharge and total pressure recovery coefficients increase to 0.99 and 0.974, respectively. The design is investigated further to evaluate the structural integrity at design and off-design conditions. 
Fluid Thermal Structural Interaction
Challenges in FTSI
Data exchange and data mapping are important during FTSI simulations. Appropriate surface selection while importing the loads is equally important because it serves as boundary conditions to thermal and structural simulations. Mesh sizing and quality is crucial while mapping loads calculated by CFD. Mechanical and thermal loads affect the nozzle in supersonic flow. There are two ways to account for this-(1) Fluid-Structure Interaction (FSI), where the temperature and pressure on the nozzle walls are imported directly into the structural solver, then thermal strains and equivalent stresses are calculated; (2) FTSI, where the temperature and pressure on the nozzle walls are imported into a thermal solver to solve Fourier's equations for steady-state heat conduction. The temperatures calculated by the thermal solver are then imported into the structural solver. Accurate prediction of heat transfer plays a key role as the static temperature gradient (T in -T ex ) in fluid flow through the existing nozzle design is approximately 92 K. Hence, heat transfer due to conduction is pronounced and not as trivial. Therefore, FTSI is accurate from a physics perspective since it accounts for the conductive heat transfer in the nozzle. Convective heat transfer is not considered in the thermal analysis, as conduction is the main contributor to thermal loads. Moreover, imported pressure loads represent the net force due to shear and normal pressure [18] , hence using appropriate y+ is essential. Figure 5 shows one-way FTSI flowchart. This is a 1D to 3D approach for rectangular nozzle design, which is also applicable to other product design and development. Gencurve is used to add curvature to the nozzle walls, which are lofted in Solidworks [19] to obtain a 3D CAD model. It is simplified by removing bolt holes, drafts and other components. Figure 6 illustrates the FTSI methodology with appropriate data exchange for multi-physics modeling. 3D compressible RANS equations are solved on the fluid domain, which extends 50 D e downstream of the nozzle exit. 15 prism layers with tetrahedral unstructured mesh are used to ensure y+ < 5. The mass-flow rate at the inlet and exit planes is monitored to ensure convergence. The nozzle inlet is modeled as a stagnation inlet, the nozzle walls are no-slip adiabatic walls and the domain is modeled as a free stream with atmospheric pressure and temperature, which corresponds to 101,325 Pa and 300 K. CFD-calculated thermal loads along the nozzle walls are imported (as boundary conditions) to the steady-state thermal solver in the ANSYS Workbench version 18.1. The total heat flux and temperature on the nozzle are evaluated. The results from CFD and thermal simulations are then imported to the static structural module of the ANSYS Workbench. A tetrahedral mesh is used for structural analysis. Along with the imported pressure and temperature loads, gravity and a fixed support at the nozzle inlet are considered to simulate the experimental set up for cold jet, i.e., TR 1. Structural deformation, equivalent stress, strain and thermal strain are evaluated at design conditions, i.e., NPR 3.67, and off-design conditions, i.e., NPR 4.5, which is the highest NPR in the experimental facility for this design. Structural steel is used for all simulations [20] . 
FTSI Workflow
Results
The influence of FTSI as a diagnosis of existing rectangular nozzle geometry, and for the preliminary investigation of the improved design is evaluated. The structural deformation and boundary layer thickness are computed for the existing design to study the effect of internal shock formation on boundary layer flow. Improved design is further evaluated at off-design conditions. Figure 7 shows Mach number contours on major and minor axis symmetry planes in the existing nozzle. Oblique shock formation at the throat can be seen, which induces pressure loads on the nozzle due to shock reflection from the wall. The boundary layer becomes thicker due to the adverse pressure gradient imposed by an oblique shock wave. However, the boundary layer does not separate from the nozzle wall, hence the shocks are mild and the effect of SBLI is not as severe. Therefore, it does not cause large deformations in the nozzle. This is quantified by comparing the boundary layer thickness (δ) and maximum deformation (∆). δ calculated from CFD is 1.23 mm at the nozzle exit and maximum ∆ is 0.005 mm. Hence, δ >> ∆ (12) Figure 7 . Mach contours on symmetry planes in existing nozzle shown on a quarter section.
Structural Deformation and Boundary Layer Thickness
However, this becomes crucial when stronger shocks are formed and shows the importance of FTSI when structural deformations are in the order of boundary layer thickness, i.e., δ ≈ ∆.
Existing and Improved Design
Very weak shocks are observed in the improved design due to the smooth nozzle wall curve which makes the CFD-computed forces lesser in this case. On the other hand, these forces are greater in the existing design due to internal shock formation, as shown in Figure 7 . Figure 8 compares the wall shear stress on the existing and improved designs. It is higher on the existing nozzle due to shock formation. Figure 9 shows total pressure contours on the existing and improved designs. Figure 10 shows Von-Mises stress at NPR 4.5 for the improved design. It is maximum at corners since there are no fillets or drafts. It can be seen from Figure 10 that the structural integrity of this design remains intact at off-design conditions. Although maximum stress is induced on sharp corners at the exit, the design does not fail as the stress is less than the material strength. This makes the design safe at NPRs < 4.5. Total deformation and thermal strain are illustrated in Figure 11 . Note that the deformations are exaggerated by 3× for better visualization. FTSI modeling indicates that the pressure and temperature loads are compressive in nature. This is because the simulations represent nozzle operation at atmospheric pressure and temperature, which are greater than the static pressure and temperature of the fluid at the nozzle exit. Hence, the loads are directed from the nozzle wall towards the fluid, which reduces the cross-sectional area at the nozzle exit. 
Multiphysics Modeling as a Prelude to Prototype
The existing design is improved using 1D to 3D design analysis, where FTSI modeling gives an insight into the structural integrity at off-design conditions. Although a supersonic rectangular nozzle is investigated, this approach can be applied in general to demonstrate the benefits of FTSI in the initial stages of product development, as shown in Figure 12 . 
Discussion
Considering the time, cost and energy associated with experimental testing, it is crucial to manufacture a design which can withstand pressure and temperature loads at various operating conditions in rectangular supersonic nozzles. This work highlights that the accuracy of every step matters a lot since the structural deformation is affected by the shock loads which are affected by the boundary layer which makes the y+ essential. The choice of turbulence model plays a key role in capturing the shock cell amplitude, as can be seen from the current validation. A detailed scrutiny with compressibility correction will reduce the error margin, however, for the objective of showing FTSI, the current validation is sufficient to move ahead. An effort is made to connect the flow physics with the structural integrity, which has enormous potential as a prelude to building a prototype. Exploiting the advancements in simulation technology is essential to showing the proposed design is feasible for real-world operation. Current diagnosis demonstrates analysis for the improved design as a precursor to prototyping. Hence, one-way steady-state FTSI is performed, which serves as preliminary investigation during steady-state operation. However, evaluating the impact of structural deformation on boundary layer flow during unsteady operation is crucial for SBLI with tight coupling, and will be addressed in the next phase of this research. In addition to this, fatigue induced due to the number of operating cycles will also be studied in the future. Furthermore, side plate thickness and nozzle wall thickness will be optimized to reduce the overall weight and material costs.
Conclusions
The novelty of this work lies in the fluid-thermal-structural interaction simulations, which are, for the first time, performed on rectangular supersonic nozzles. This work also connects the structural deformation and boundary layer flow which is a novel approach. An existing design is improved using an in-house Python based design tool called Gencurve, which demonstrates the benefits of the slope-matching technique for generating nozzle wall curves. Aerodynamic performance improvements in terms of discharge coefficient and total pressure recovery coefficient are achieved due to the reduced in-nozzle shocks. Although the current RANS modeling (k-omega SST) increases the amplitude of the first shock cell, the amplitude is still in the acceptable range, although it is not tight enough and gives a better approximation of the overall velocity decay than other turbulence models. The multi-physics modeling approach is used to evaluate the feasibility of the existing and improved design. This work shows that FTSI becomes essential during the initial design phase of supersonic rectangular converging/diverging nozzles, due to the elevated heat transfer in supersonic flow. Observed mild throat shocks do not affect boundary layer flow in the existing design. Hence, the impact of SBLI on the existing nozzle is not as severe because the structural deformation is far less than the boundary layer thickness. The improved design does not fail at highest NPR, making it safer at low NPRs. A general 1D to 3D design analysis approach is demonstrated through the rectangular nozzle design case, which highlights the significance of FTSI and shows that it can also be used in any other product development cycle.
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